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Abstract—In this paper, we explore a sequential Bayesian
bound for state-space models focusing on hybrid continuous and
discrete random states. We provide an analytic recursion for the
sequential Weiss-Weinstein (SWW) bound for linear state-space
models with solutions for Gaussian, uniform, and exponential
distributions as derived, as well as for a combination of these.
We compare the SWW bound for discretized states with the
corresponding bound for the continuous states. The SWW bound
is contrasted with the sequential Cramér-Rao bound for Gaussian
distributions. Practical issues of SWW bounds are discussed and
numerical simulation results provide insights into their behavior.
This is a revision (July 2, 2016) of the uniform and exponential
sections.

Index Terms—Bayesian estimation, analytic sequential Weiss-
Weinstein lower bound, uniform noise, exponential family, hybrid
state estimation problems

I. INTRODUCTION

Recent investigations in the area of joint field and state
estimation can be categorized as deterministic [1]-[3] and
stochastic [4]-[8] approaches. In this paper, we follow a
stochastic approach in a Bayesian framework. The study of
lower bounds on the mean-square error matrix of a Bayesian
estimator [9]-[12] entails various bounds [13]-[16].

We are interested in a Bayesian lower bound for state
estimators which are applicable jointly to discrete and contin-
uous random state variables. Additionally, the bound shall
support the corresponding probability densities with finite
support. Discretization of physical models described by partial
differential equations [4], [5] or by static formulations induce
discretized states [17]. These models often feature loosely
coupled state variables. Due to the loose coupling, these models
are interpreted as reduced-order models. Sequential Cramér-
Rao (SCR) bounds were developed [6], [18] for continuous
random states. It turns out that the regularity conditions for the
applicability of the Bayesian Cramér-Rao (CR) bound are too
restrictive for discrete states [19]. We seek bounds with relaxed
regularity conditions which are applicable to discrete state
variables. This requirement guides us to the Weiss-Weinstein
(WW) bound [13], [15], [20], [21]. The temporal evolution
of states is described by a state-space model and motivates
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the extension of the WW bound to a sequential formulation
(SWW) [22], [23].

Apart from the underlying theory of SWW bounds [23], [24]
and the application to fault-prone systems [25], [26], we are
not aware of any explicit analytic results for specific probability
densities nor their rigorous derivations.

This paper is organized as follows. In Section II, the use of
the WW bound is introduced leading to the general formulation
of the SWW bound. In addition to the referenced literature,
we motivate the use of the SWW bound for hybrid contin-
uous/discrete distributions and densities with finite support.
We provide a general description of the bound utilizing the
expectation operator. Furthermore, we emphasize foundations,
which we need for the proofs in the subsequent sections. After
definitions of discretized and hybrid models in Section III, key
contributions of our paper follow:

¥ We provide an analytic SWW recursion for a linear state-
space model (Sec. IV).

¥ The SWW bound for Gaussian distributions (Section
IV), uniform distributions (Section V), and exponential
distributions (Section VI) is presented.

¥ The SWW bound for discrete models, where the discrete
states stem from discretization of continuous states (Sec-
tions III to VI).

¥ Practical issues are addressed in Section VII: special prior
distributions, the choice of SWW’s test point matrices,
the computational effort, and partly deterministic noise.

¥ The final example (Section VIII) demonstrates the SWW
bound for a three-dimensional state-space model for
different probability distributions and compares them to a
Bayesian filter (Kalman or particle filter).

Several lemmas are summarized and proved in the Appen-
dices.

II. BAYESIAN LOWER BOUNDS

This section is inspired by [13], [23]-[26] and introduces
the sequential SWW. We address hybrid discrete/continuous
state vectors and emphasize properties for subsequent sections.

A. Preliminaries on probability theory

Let us assume a probability space (RN,B,Py) with the
sample space RN, the Borel algebra B and the measure Py :
B! [0,1]

The expectation of a function g(x) is defined using the
probability measure Py(B) = P (x " B ) by

I

Ex(9(x)) = o g(x)dPy(x) . (D



We assume a probability measure consisting of a continuous
PS and a discrete PJ part [27], [28], i.e.,

Py = CiPS + cPJ 2)

withcg+c; =1,¢ " [0, 1]. Inserting (2) into (1), the latter one
splits into one integral with Lebesgue measure ! °([a, by] #
dda#ay,bv]) = (b $ a;)d4én $ ay) and another one
with counting measure ! g(A) = ¢ L(A) where C "B
and 1 is tl}e indicator function. We arrive at

3)

#
) c1g(x)f x(x)dx + C209(X)px(X)

x!IC
with the probability density function (PDF) fy(x) =
dPS(x)/d! ¢(x) and the probability mass function (PMF)
px(x) =d Pd(x)/d! &(x).

B. Bayesian bounds

In the following, we denote a hybrid continuous/discrete
probability density by vx(x) = cify(X) + copx(x),c1 "
[0,1],c1 + €2 =1 and call it simply probability density (PD).
Especially when no measure is specified this notation allows
the consideration of continuous and discrete random variables.
We use the notation d! y whenever we assume the existence
of a density for the random variable X. To simplify notation,
we use E(§ 1= Exy (8, f(X) := fx(X), p(x) := px(x) and
V(X) = V(x). In the sequel, X is the N-dimensional test
point vector to be inferred from the perturbed measurements

X %v(x) , voovyv), @

with a mapping C and measurement noise V. The resulting
estimation error of estimate ¥ is defined by

y=Cx)+v,

Li=R%y)$ x. Q)

The Bayesian lower bound is a lower bound for the mean-square
error (MSE) of any Bayesian estimator. With g(X,y) being a
real-valued measurable function satisfying Ex (9(x,y)) = O,
the mean-square error matrix [13] is lower bounded by

% % $ %, %

$ $ $
ENT 1 Eyg" Egg’ Eyg' (6)
%

where E gg" is a non-singular matrix. The elements of all
matrix must be finite. The relational operator ! indicates that
the difference between left and right hand sides is a positive
semi-definite matrix. The function g(X,y) is a sensitivity
function termed scorewhich defines specific Bayesian bounds.

1) CramZr-Rao bound and Bobrovsky-Zakai bouiiidr
the Cramér-Rao lower bound (CR) the score of a continuous
random parameter X is defined by

"xV(X,Y)
v(x,y)
with the assumption that limy g s [X]f (X]y) =0 for all
#=1,a44aN and y. The #h element of X is denoted by [X];.
Furthermore, the first and second derivatives of f (x,y) with

respect to X must exist and be absolutely integrable. Inserting
(7) into (6) gives [13]

$ % $ 0% .
EN T OEg.y)g(x,y)T = at

g(x,y) = "xInf(x,y) = @)

®)

with J being the Bayesian information matrix.

For discrete X, the "y in (7) is approximated by the
difference quotient
& l ! T

1 1
!h < V(X) = r!nxlv(x),aa(;a\r:N xn V(X) 9

1
where :1  V(X) = (v(x + hie)) $ v(x))/h,, and only

the #" elements of the unit vector €, is unity. Variables
h, specify the sample period if the densities are discrete
approximations of continuous ones. This allows the use of
hybrid continuous/discrete densities V(X y). One alternative to
the score (7) is

1

V(X,y)!h xV(X,y) = g(x,y)

with h =[hy,a4ahy]" " RN. This score is a special case
of Bobrovsky and Zakai’s [29] (BZ) choice of score,

"« Inv(x,y) & (10)

Ogu=L(x+hyx,y)$1l u=1,4aaN , (11)
Here, L is the likelihood ratio
v(X1, v(X1, dpM
L(X1.X2,Y) = ( 1 y) _ ( 1 y) _ X,y (12)

v(x2,¥)  ¥x1Y)  dp?

which is equivalent to the Radon-Nikodym derivative of
probability measure P with respect to P . The BZ lower
bound is [29]

0,
SRR

(13)

where
Plao = E(L(X+ ha,X,y)L(X + hp,x,y)) $ 1, (14)
H :=[hy,d4ahy], a,b=1,44H . (15)

The specific choices of the test pointsh, and hy influence the
lower bound on the mean-square error of elements a and b.

The Radon-Nikodym derivative (12) exists if and only if
P® is absolutely continuous with respect to P . This means
that the support of ¥ is part of the support of v. This is not
the case for truncated densities such as the uniform density.
Thus a more general bound is necessary.

2) Weiss-Weinstein boundThe Weiss-Weinstein (WW)
lower bound is a generalization of the BZ bound. In the sequel,
we use the score

gu(x,y): L(X+hU1X1y)$( L(X$hU!X!y) (16)

where u=1,444N (cf. [13], [20], [30] with 53 = Sp = Y2).
Inserting (16) into (6), the 0WW bound is given by

ST My T

a7)

where
gh(ha," ho) 4 gh(" hahp) ¢ gh(ha.hb) g gi(" ha," ho)
ei(ha,0)gu(hy,0)

[l = )

(18)

with the negative non-metric Bayesian Bhattacharyya distance
(BD) between V(X +) ha,y) and v(X $ hp,y), [31]’; [32],

V(X + ha, Y)V(X $ hp,y)
v(x,y)

H(ha, hy) = INE (19)



The corresponding Bayesian Bhattacharyya coefficient

$ =exp(H(ha, hp))

lies between zero and unity. The more uniform the density
V(X,Y) is, the closer is $ to unity. The more general WW score
in [13] is linked to the more general %Chernoff divergence and
its coefficient [33]. In the following, the symmetrized Bayesian
Bhattacharyya coefficient is

&=exp(K($ha,$hp)) +exp(u($ha, $hy)) .

(20)

ey

C. Sequential Weiss-Weinstein bound

The sequential Weiss-Weinstein bound is the extension of
the WW bound to a process X = {Xx} with discrete time
k" IN [22], [23]. The evolution over time is described by a
state-space model

Wi % V(W) ,
vk %V(Vvk) ,

(22a)
(22b)

Xk+1 ="( Xg)+ Wy ,
Y = C(Xk) + vk ,

with a mapping " and state noise Wy. We first consider the
joint WW bound for the prior and history of states Xo.x =
[Xo,a4ax]" for deriving a recursive algorithm to iteratively
compute the WW bound of every time step K. A block-diagonal
matrix defines the kN # KN test pomt matrix

Ho

Hy = e 6=[h0,aaahkN] L3

H
The matrix Hy =[h, 1,44@h,N ] corresponds to H in (17)
at time # Using the error vector ! o.x = Kok (Y1.k) $ Xok, the
mean-square error matrix

T % " LT
E ltok!ox ! Hkdyg Hy . (24)
The overall matrix Jy can be partitioned into
+
0

Apr

Jk=- K Byt 0. (25)
0 B | B

with Ay~ 1 = blockdiag (Ag,4da8A - 1) and O is the zero-
matrix of size (k$ 1)N # (k$ 1)N. Matrix Ay~ 1 captures
information from the times [0,k $ 1], B %1 the time K and
B2t = (B%7 the transition between them. The O matrices
in (25) are due to the Markovian property, i.e.

V(Xo:k: Y 1:x) = VY IXk)VXK XKk 1)V(X 0k 1, Y 126 1) -

For the time k = 0, we have B él = Jg = Jy, i.e. the bound
of the prior.

In the remainder of this section, we derive a recursive update
for the WW bound at time K, i.e.

o
0,

$ ) .
E g ! Wyi=H I, tHE .

(26)

In addition to (25), we consider the time interval [0, k + 1]
and partition the overall matrix
+

0 0
R B
—_ +
T o ool oy | o 00 @
00 Dk | Dia

Matrix D i, captures the time k, D 2%, the time k + 1 and
the others the transition between the time instances. Using the
Schur complement, the right lowest part of J k +11 is given by
the inverse of

+ e cegH
0 Awe 0 0
Jkei=D#H; 8- 0 0 1 pPo - 0 O
D 0 D DY Dk+1
k+1$Dk+1 9&11 ﬂAkllD k+JE’ Dk+1 '
%A |
(28)
We compare it with
Jk=D#$ DAL DI, (29)
The sequential update becomes
A = k+1 $ Dk+1Ak11Dk+1 , (30a)
Jis1 = DEG $ DR ACDIG (30b)
for all k =0, 1, 44 AMatrix A. i := 0 whereas J E, 1 is set to
the co-variance of the prior. According to (19) and (27),
i i+ i geegee
[D E+1]mn = eHs gHa ’ I!] { Ov 112} ’
(30c)
with
Hi = H(her 24 iyn+ms BN 24 5)n+n) (30d)
Wi = HE e 2+ iyn+mo N 2+ jyn+n) (30e)
M2 = H(Dkr 24 iyn+ms Nk 24 )N +n) (30f)
K3 = (SN 2 iynems Shier 20 fynn) (30g)
M3 = H(he 24 iyn+ms 0) s (30h)
Ha = H(he 24N +1n0 0) (301)
and (30j) on Page 4 with
V(YolXo)V(XolX~ 1) = V(Yo)V(Xo) - (30k)

In contrast to [22], we use Expectation (1) in (30j) and this
entails an additional density in the denominator.
Inspecting (30j) and (27) leads to

Proposition 1. Given a time-invariant state-space model with
time-invariant noise distributions and sub-matridés, := H .
ThenD{®=DZ andD* =D =(DZ)T fork> 2.

D. Linear models

We condense, reformulate, and expand Assumption 1, Class
1, and Lemma 5 of [22]. This enables Sec. III to draw on
the following lemmas. We further utilize expectation (1) and
finally approach linear models.

Lemma 2. If the expectation in30j) can be factored into
independent expectations, i.e.

(hhy) = In( Eo & 4Bk ) 31)



4L

Lo #
k+l 1 la v2 1 la " 1" 1a v | ! 1 v2 ! 1 TN N v2
u(h. ho) = InE oo VY IXy + hua )2+ hya [Xoe a+ hye 1) Y2v(y X D he )Y2v(xo b hp e 1 b by ) (30j)
V(X0:k+1 + Y 141 )
where with
£ oop VG F a) Py D S hi) £l VOO habar b aa)"?
b v(y,|x1) ' V(i1 g
4 V(X1 + g X g+ hyegg)?? # V(X1 $ hplxim1$ hpp)? (392)
V(Xng!" 1) 7 + 12 1,8
400 $ hiolXee 18 hie 1) " E&=E V(Y IXr + e )" 2v(y X $ hip) . (39)
1$ hipxim 1% v gp) (32) v(y,[|x1)
then i.e.tthe expectation ovelo:k+1 ,Y1.x+1 SPplits into expectations
WLt X1,y .
DRl =(Did1)" =B =(BO)T. (33)

Proof: Let us focus on (30j). We first recast (30j) as
(34) and omit all zero vectors h,5 and h;,. To compute
Bk, Part (34a) and (34b) are separable. Part (34a) is an
expectation Ex+1 (hga) = Ex+1(0) = 1. To compute D &91
and D E}rl we assume independent expectations (31). Thus,
Part (34a) and Part (34b) are also separable. Part (34a) is an
expectation Ey+1 (hy 4 ). For p(0, hy) in (30c), the expectation
Ex+1 (hka) = Ex+1(0) =1 . For pu(h,, $hy), u(hy,, hy), and
p(h,,0), the expectations Ey4+1 (hya) are equal. Thus the
Ex+1 (hka) cancels in (30c). What raises is identical to B El.

| |

Lemma 3 (Linear transition equation). Given a linear state-
transition equation

Xkl = ! X + Wy, wyi %v(wg) . (35)

Then the conditions fo¢31) are fulblled.

Proof: Integrating over the transition densities (as in (1))

|
V(X1 + hyg [Xpe g+ Wy g0)Y2

V(X1 Xy 1)
# V(>§! $ hiplxir1$ hie 1p)"2dPy x. ,
C oV, (Wi + hig S hye )72
VW! (W!)
# Vi, (Wi $ hip + 1 ihes 1) 72dPy,

(36)

withw, = X;$! X,- 1 and the conditional probability measure
Py |x. ;- Observe that (36) is independent of time #$ 1. W

Additionally to the transition equation in Lemma 3, we
address the measurement equation.

Corollary 4 (Linear measurement equation). Given the linear
transition equation(35) and the measurement equation

Yk = CkXk + Vi , Vi %V(Vk) . (37)
Let the state and measurement noise be independent.
Then

u(h,, hy) =In( Eo 4B+, ESa4BE,,) , (38)

Proof: The factorization corresponding to the transition
densities have been proved with Lemma 2. Dually, the
factorization of the integrals concerning the measurement noise
are proved in the following.

Due to the additivity of the measurement function,

vy, X+ hia ) 2v(y X0 $ hip)??

| V(y! |X ! ) dPY! [x
_ vy, (Vi $ C!h!,a)llzvv! (v, + C!hlyb)llz
i VV! (V!) dPV! (40)

with v, = Y $ Cixi.

Due to the independence of v, and w, and their indepen-
dence from time #$ 1, (34) is separable into factors due to
innovation and measurement noise. |

Next we assume independence between continuous and
discrete random sub-vectors of the innovation noise vector,

say
v(Wg,wi) = f(wi)p(wy) -

Corollary 5. With (35), (37), and (41), Equation(38) factor-
izes further into

(41)

u(h, hy) =In(ES44BS,, ES44BY,, ES44BE,,) , 42)

whereE{ denotes the expectation over continuous probability
distributions wherea& g denotes the expectation over discrete
ones.

In the remainder of our paper, we compute the expectations
in (42) for different noise and priors.

E. Sequential WW bound for the linear transition model

Recursion (30) simplifies if the transition function " = !
is linear. Applying the matrix inversion lemma to (25) gives

Jk=Bl$BP°A, B . (43)
Substitution of (43) and (33) into (28) leads to
Jien = DG $ DG (Dihy + Ik $ Bi) "Dy
(44)

with B3t = Jpand Bit = D,k =1,2,44422].



-

12
)

7 12
- V(Xk+1 [Xk+hia V(Xk+1 [Xk)
u(ha’hb)_ln E V(Xk+1 [Xk)

1 1 1 . 1
# VY Xt hia )72y %) 72y higa [ 1) 72V X 1" e 1) ™2

(34a)

PRCIRLTS D2V(Y e 1 IXi 1" e 1) 2

V(Y XV (XK [X K 1)
V(XK 1|Xk" 2

)llzv(xk" 1" I"|k" 1,b|xk" 2)1/2 V(XOZk" 2,Y 1k 2) (34b)

V(Y Xk 1) V(Xke 1 ]X ke 2)

V(Xok" 2,Y 1:k" 2)

IIT. MODELS

In the remainder, we use Corollary 4 and 5 to derive analytic
SWW bounds for different noise and prior. The solutions
are general in the sense that the structure is the same for
different distributions. Furthermore, we investigate the SWW
bound for the case of states and noise quantized uniformly
from continuous distributions. We prove that SWW bounds
of continuous and uniformly quantized states are equal for
suitable choices of Hi. We assume uniform quantization with
step size ! , i.e. XE/! x 7 and the probability densities
are sampled and normalized.

Similar to the continuous linear state-space model (35) and
(37), we define the discrete model

xdy =t x¥+wd xd" RN, (45a)
Vi = CXf+ vk, (45b)
w %égwk(wﬁ) . X5 %gf&xo(xg) . (450
and the hybrid model
X8 = ! SXE+ 1 0+ wE x¢" RN,
xg =1 O3+ wl, xd" RV
Vi = CIxE+ CIxY + vy, (46)

wg %f (wg) ,xg %f (xg) , Vi %fy, (Vi) ,

1
X %@E‘xg(Xg) ;

where fyq, fwﬁ and fy, are PDFs of interest. Factors cX&nd
A& ormalize the densities. Variable N = N¢+ N9 is the
number of states.

W 96 e (W) |

IV. ANALYTIC SOLUTION FOR GAUSSIAN NOISE / PRIOR
In this section we derive lower bounds for Gaussian [34]
noise and priors N{my,,Cy,}, ie.
" 1 " 12
1 e % Xk My kal
1
(2" )V2 (detCy, )"

with the mean my, , the covariance matrix Cy,, and the
weighted norm "h' -1 = (hTCX 'h)¥2_ For this case, we
use the Bayesian Bhattacharyya coefficient (20)

v(xg) = 47)

1ip 2

$(hy:=e ° "cxt . (48)

For discretized Gaussian densities, h/! y " 7. We make
extensive use of Lemmas formulated in the Appendix A.

Theorem 6 (SWW bound / Gaussian distributions). Consider

Then the SWW lower bour@6) for k " N is computed
by (44) with (51) on Page 6 with$(h) := $¢(h), which
corresponds to

1
[Ditilap =4sinh Zhg, ! Tc,n
6
+c'c,lc+C,l . hgp (492)
9 .

. 1 . ’
(D &31 lab = $4sinh Zh-kr,a! Tcwihkﬂ b =[D E}rl Iba
49b
9 . (49b)

1 .
[D 22, Jap = 4sinh Zhlﬂ,a c'c t

Vi+1

C + Cwi hk+1 b
(49¢)

For the initial k = 0, matrix D {* for (44) is given by(52)
with $,,(h) := $¢, (h), i.e.
9. 5
1 \ )
[D 1']ap = 4sinh Zhg'a ! TCW(%! + Cxol

hop . (50)

Proof: First, the semi-invariant BD (30c) is re-cast into
(30j). Observe that due to symmetry, u§ = py and p§ = p,.
According to (23), hy, =0 if a <#N and a > (#+ 1)N.
Thus we may remove them from (30j). Due to linearity we
invoke Corollary 4. We apply successively Lemmas 14, 15,
and 16. Together with (48), we get the analytic solution of the
BD. Inserting this four-times into (30c) gives us one element
of D2, .

Further details for kK > 0 are given in (53) on Page 6.
There the BD for the elements of D ﬁil is derived. From the
beginning we consider the existence of a PD, either PDF or
PMF. This gives the first two lines in (53). Finally, we insert
the last line four times into (30c).

For k = 0 we use the fact that V(yg|Xo) = vy, (Yo), and
V(Xo|X» 1) = V(Xgp). The main difference to k > 0 is the
equality

I

Vi (X0 + Noa)’?Vy, (X0 $ hop)?2d! «,

= $8 (hoa + hop) . (54)

Inserting (48) into (51) gives (49).
|
Observe that the hybrid and discretized models assume that
C1,C "{ 0,1} in (2), i.e. the densities are either continuous
or discrete. For hybrid densities with ¢;,¢; " (0, 1) and due
to (3), the integrals split into discrete and continuous parts.
In the next sections, we observe that the structure of (44),

a linear continuous, discrete, or hybrid state-space model. Lgtl) and (52) is a special case of that for densities with a
the prior, the innovation noise, and the likelihood function beupport that is a subset of R. Hence, (51) is discussed in

Gaussian and statistically independent.

detail.



Dk+1 ap = 2 $w (! hka $! hep)$y, (Chiga $ Chyp)dy,. ,(hka $ hkb)
$$$w (! hga + ! hgp)$y, (Chga + Chip)Su,. ,(hka + hip)
I $w (! hia)$y (Chia)Sw,. ; (hia)Sw (! hip)$y, (Chip) S . (hip)
S (! ha + higs1 p) $ S (! hka $ hisa )

%

Dk+1 ab_[Dk+1] =2

z $w (! ha)$w, (Nks1 b)
Dk+1 ap = 2 $vk+1 (Chk+1,a$ Chysa p)Sw, (hk+1 .2 $ hyna 9)

$$$vk+1 (Chks1,a + Chisr p)Sw (k1 a + ka1 p)

%

! . (Chisr a)w, (Nie1 2)Bv.s (Chisa p)Sw, (Nk+1 ) (51)
D1, = $\N( hoa$ ! hob)$x(Noa$ hop) S Sue(! hoa + ! hop)$,(hoa + hop) (52)
& Swo (! No,a)$x, (ho,a)Sw, (! Nop)$x, (hob)
H
D& : K(hy,hy) =In f(Viern X1 )7 2F (o XK+ Nica) 7 2F (DX + D) ”2F (X + hica X ke 1) 72
# 1 (Vica Xt Nien 0) 72 F (Xier 8 hicen pl%00) 72 F (v %) 72 F (Xkdxie 2) 72t s dly,
2 Fuea Wier $ Cx ko1 )y Vs $ C(Xier $ his p)) V2l y,
# fu (Xirz 1 (X + Niea)) 2 Fu (Xier $ sz p $ 1 X)) 2dl oy
#fu (Y $ C(xk + hk,a))llzka (Y $ Cx k)7 2d! y
#fwe (XK hea $1 X 1) 2 (XK $ ! Xper 1)72d!
bemmed €100, (Chiet p)3w (! hika $ hicsr 5)$y (Chica)$ue : (Nka) (53)

Let us compare $¢ with (8) and (60) in [32], where we set
p1(X) to Gaussian N{0,C4} and pp(x) to N{h,C}. This
shows that Function $® is the Bhattacharyya coefficient $"
[0,1]. In (51), $ quantifies the non-constancy of the densities.
The sharper a density is, the lower $ is.

We observe that the structure of (51) stems from (30c).
Matrix D ﬂl reflects the influence of innovation and measure-
ment noise at time k on k + 1. Therefore, transition matrix !
and measurement matrix C arise. Matrix D 2, = (D 2%,)7
addresses the transition between K and k + 1. Thus, it is
independent of the measurements and there is no function $,, .
Matrix D Eil addresses only time K + 1. The structure is the
same as of D ﬁl except that no $y,,, occurs due to causality.

For Gaussian densities (51) becomes (49). For small h-
vectors, Sinh(x) & Xx. "ll"hus we get

[D§51lap = c’c,! c+cC,,

Vk+1
It represents the influence of noise on the SWW bound at time
k +1, hence vectors hy+1 a and hy41 p affect the bound due
to measurement noise at K + 1 and transition noise at K (cf.
(35)). The transition between k and k + 1 is represented by

DZ1dap = $hia! "Coulhkuap=[D&1Tba  (55b)

and hence the bound is affected by transition noise at k, i.e.
I hxa and hysp ,blperturb the matrix. Eventually,

(D ﬂl lap = hl,a

6

hissp - (55)

hk+1 a

1Te,lt +cTclc+c,t

we 1 Nkb s

(55¢)

represents the noise at time K affecting time k+1 . This includes
measurement noise at K and transition noise at K $ 1 and k.

Note that the higher the variance of a Gaussian distribution,
the flatter its density. In (55), the higher the variances, the
smaller the D -matrices. Smaller D -matrices tends to give a
smaller J . This gives an increased bound (26).

Under one condition, the SWW bound for the continuous,
the discretized and the hybrid models are equal:

Proposition 7 (Equality of bounds). Given the continuous
model (35), the discrete modeld5), and the hybrid model
(46). Let all distributions be either continuous or discretized
Gaussian. If

H/1 , " ZKN (KN (56)

then the SWW bound of all three models are equal.

Proof: Consider the proof of Theorem 6. First, we address
the prior. We compare the integral with respect to the Lebesque
measure for the continuous model with the integral with respect
to the counting measure for discretized and hybrid models. Let
HE " zZXN (KN pf

k .
xHY

Hy =! (57)

then
$2 (Noa + hop) =

(1 «hia+! xhip) .



Next we consider the innovation noise. Inspecting Lemma 14
gives

$\(/3vﬁ(hkirl,a$ P'hia + Nk p$ ! hip)

= $\/Gvﬂ ! x(hcki+1 ,a$ ! hg,a + hcki+l ,b$ ! hg,b)

6
(58)

and this leads to D¢ = D9 (cf. (52)). Additionally,
inspecting Lemma 16 gives

$\(,3k ($Chk+1,2$ Chys1 p)

whereas for the i.i.d. discrete uniform distribution (xy " ZN)

(
r« =my, $%21% %2, 1+12diag(Cy,) ,
Sk=My, $ Y21+ Y2 1+12diag(Cy,) .

(64)

Vector my, denotes the mean of Xy and 1 the one-vector.
This leads to

12diag C«, ) ,
1+12diag(Cy,) ,

Xy " RN ,
Xk " 7ZN .

Xk —

(65)

Theorem 8 (SWW bound / uniform distributions). Consider

= $C (! «($Ch{,; 2$ Chiy ) . (59) alinear continuous, discrete, or hybrid state-space model. Let
the innovation noise, the measurement noise and the prior be

ij .
The D -matrices become equal for all three models. ™ uniform and independent. Furthermore, let the elements of the

V. ANALYTIC SOLUTION FOR UNIFORM DISTRIBUTIONS

Similar to previous section, we now provide the analytic
SWW bound for multivariate independent uniform densities
Unif {ry, sk} [34], i.e.

vectors be statistically independent. Then the SWW b¢usid
is given by(44), (66), and (67) on Page 8 where al := $V.

Proof: The derivation proceeds as in the proof of Theorem
6 but uses Lemmas 17, 18, and 19 from the appendices. H

Corollary 9 (Uniform prior, Gaussian noise). Consider a linear

- o 1 1 60) continuous, discrete, or hybrid state-transition equation. Let
v(xi) - o e ki) e badt s (60) " .
121 [sk $ rl: V(Xg|X» 1) = V(Xgo) be uniform, and both the measurement
o . o and the innovation noise be Gaussian.
with indicator function 15 We utilize Th
? hay +h en
1 a"!' b‘l 1 h O ’ . .
X! ar ( $, = $)EJO , Swo = $\?\/0 (68)
hb,l ( 0 ’ .
hay + oy hat ) O in (66).
BV | a,! l
K ho: ) O Proof: The derivation proceeds as in the proof of Theorem
has b, ’ 6 but uses Lemma 18. [ |
ﬁ ' hat > 0, The Pnite supporbf the uniform distribution induces bounds
hy, < 0, on the test-point matrix H g:
hat > $hp, , Proposition 10 (Box conditions). Given a linear state-space
U . oy hay > 0, model with multivariate independent uniform noise and prior.
$5, (ha, hp) = k! 61" Then for allk ( 0
hpy < 0,
has )$ oy | $"w, " thia £ hip ™ "w, (69a)
"hai‘! , ha,! < O' $"Wk "ol hk’a + | hk'b " "Wk ’ (69b)
Xk,
hpy > 0, $"w, " £l hgazhep ™ "w, (69¢)
har < $hp, | $"v, " £Chyat Chyp" "y, . (69d)
hiy
$ bT , ha) <0, Furthermore,
hp, > 0, hea = 0, hip = 0. (69¢)
hay ($ hpy .
The width of the support is
Proof: Bounds (69a) to (69d) stem from (67) on Page 8
=L AAAG T = K $ry, Sk " RV, observing that $¢ " [0,1] in (61).
Xk o1 N g S+ 1, re,se " ZN . If both hga ! 0 and hgp ! 0O, the SWW bound collapses
(62) to the SCR bound [13], [24]. For uniform distributions, the
. . . SCR bound does not exist because of the finite support and
No/tflz thha/t| dlscr;:tllzed ;1Imf0rn'1| ran’\(llom vectors. have this leads to (69e). -
Xkl 2o NG Tl Sk x L~  whereas dﬁcrete The upper bounds are important constraints on Hy. Assume
uniform random vectors have Xg,h,rg,sx " Z“ by

that v(wy),k " Np, has a much larger support than the support
of all other v(wy:), k%" No\{ k}. Then the maximum possible
H k' is defined by the minimum H i through (69).

definition. Thus, for the i.i.d. continuous uniform distribution
and discretized distributions (X " RN)

12diag C«, ) ,
12diag C«, ) -

Te=my, $ Y2 Proposition 11 (Equality of bounds). Given the continuous

63
(63) model (35), the discrete modeld5), and the hybrid model

Sk =My, +¥2



<Di1: 8(' :hO,a'hO,b)$ 8(' !$h0,a!h0,b)

8" Sy, (! Noas 0)$x(Noa,0)Swe (! hop, 0)$x, (Nop, 0)

&! ,hoa,hop) = Su(! hoa,$! hop)$x,(hoa,$hop) + Suwe($! hoa,! hob)$x, ($hoa,hopb) (66)
DT - &! ,C,hga,hip) $ &! ,C,$hya,hkp)
1 2b " $y (! hia, 003y, (Chika, 0)Su,. , (hka, 0)Su, (! hip,0)$, (Chip, 0)Su,. , (hicp, 0)
&! ,C,hya,hkp) = Sy, (! hya,$! hgp)$, (Chia,$Chyp)Sw,. ,(hka,Shkp)
+ Sy (8! hia,! hip)$y, (3 Chya, Chip)Suwy. . ($hka,hkp)
<D&21: —[DZ | = & hia,hks p) $ & hia,$hisa p)
*oap T Da $u, (! hka,0)$w, (Nks1 p,0)
&! hya,hgs1 p) = Su (! hga, ke b) + S (B! hia, $hisr b)
<D22 = &C ,hy+1 a, N1 p) $ &C,$hysn g, hisa p)
1 ab " §, ., (Chiet a 008w, (Nket 2. 003y, (CNicst . 0)3w, (Nket . 0)
&C,hgs1 ,ayhk+1 b) = $Vk+1 (Chyu ,a,$Ch K+1 ,b)$wk(hk+1 ,ay$hk+1 ,b)
+ $vk+1 ($ Ch k+1 ,aaCh k+1 ,b)$wk ($ hk+1 an hk+1 ,b) (67)
(46). Let the PDs be independently uniformly distributed. Botwjth h, = [h],, % > O, and h, = ! xh!d for discretized

the discrete and the hybrid model are discretized continuodensities.

models and thug /! «,ri/! x,se/! « " ZN . If e
kD xa TkDE xSkl x Theorem 12 (SWW bound / exponential distributions). Con-

sider a linear continuous, discrete, or hybrid state-transition

) ) equation. Let the noise and the prior be debned by a multi-
then the SWW bound of the discrete, the continuous, and {hgiate independent exponential distribution.

hybrid models are equal. Then the SWW boun@6) and (44) for the state vectok y

is given by(67) on Page 8 where

Hy/! o " ZKN (KN (70)

Proof: The proof proceeds as that of Proposition 7 but
uses Lemmas 17 to 19 instead of Lemmas 14 to 16. |

$:= $F . (74)

VI. ANALYTIC SOLUTION FOR EXPONENTIAL
DISTRIBUTIONS

Proof: The derivation of the WW lower bound for
Gaussian noise and prior (Theorem 6) leads to the proof:

This section is devoted to the analytic SWW bound for
models with either continuous or discretized multivariate
independent exponential densities Exp {#y} [34], i.e.

C
b & 1l [x, ] (0,

Starting with (30c), the BD (30j) is computed for the noise
under consideration. A re-cast of the latter one is derived
in (34). Next we use Corollary 5 and get multiplications of
expectations. They compute as in Lemmas 20 and 21. Finally,

O 71) W get (67) on Page 8 whereby $, = $F. [ ]
s O else . Corollary 13 (Prior). Consider a linear continuous, discrete,

Factor ¢ normalizes the densities and parameter % :=[#], ( Of hybrid state-transition equation. Lef(y|Xo) := vy, (Yo)
0. If X is continuous, then ¢ = %. Note that % is the inverse ~and V(Xo|x- 1) := V(Xo) be independently exponentially

of the mean and standard deviation of [Xy];. It is convenient distributed. Then the SWW bound is given by Theorem 12

to define
?

cont.,

E H E,cont AL,
$Xk (h) $thgcon (hl) B eT!! X
=1 e 2! !
" (e ey )

D' xn
T
zll(ha,! +hb,! ),

72
disc., (72)

ha) ( 0,hp; (
hai ) O,hp)
hai ) 0,hp (
hay > $hy, ,
hay ) 0,hp (
hay )$ hpy
hay ( 0,hp)

o o o

$E,cont (h‘ ) :

X!

(73)

o

o

except that we utiliz® 1* in (66) with

$io(h) = 8, () . (75)

Proposition 7 for Gaussian distributions is not applicable
for exponeytial distributions due to the additional factor
C?&e" !"! X'(1 "l

=+ and the case differentiation in (72).

VII. PRACTICAL ISSUES

In the sequel, we address practical problems arising. Note
that the test-point matrix H y defines a specific SWW bound
of the SWW family.



A. Computational effort

The non-sequential WW bound (24) computes KN # KN
elements of J, where K " IN, is the discrete time duration.
This bound is quadratic in time whereas the SWW is constant,
linear, or quadratic:

Consider the sequential WW bound (26) for a linear state-
space model with an analytic solution (51). With (44), it
requires the computation of N # N elements in each of the 3K
matrices D &11 ,D &31 ,and D ﬁl . The number of operations
to compute each element is independent of K . Hence, 3KN ?
elements are computed and the effort is linear in time.

Moreover, if V(Y |Xk), V(Xk+1 |[Xk), and the test-point ma-
trix H i is constant for kK > 1, then D :i+1 = D:i {12}
The computational effort is constant over time.

Consider the general SWW bound (26) with (30), without
closed-form solution $, and a state-space model with discrete
multivariate distributions of finite support [r 1, S1]. The expecta-
tion (30j) then simplifies to K +1 sums each N( = N (s$r+1)
summands. At each k = 1,44 aK , Equation (30j) is computed
for 4 matrices D Eﬁl ,D ﬂl ,D &31 ,and D ﬁil of size N# N.
Thus, we obtain 4KN 2# (K +1) N(, i.e. the effort is quadratic
in time (cf. [35]).

B. Impact of the test point matrix

The optimal choice of the test-point matrix Hy maximizes
the WW bound. Even without a general optimal solution to
this maximization, we provide some useful guidelines. To keep
the discussion simple, an one-dimensional linear transition
model is considered with Gaussian, uniform, and exponential
distributions, i.e.

Xk+1 = Xk + Wi, (76a)
Yk = Xkt Vi, (76b)
with )2 = 0.4, )2 = 0.4,)2 = 0.4 For Gaussian

and uniform distributions Py, = Hw, = O whereas for the
exponential distributions Py, = 1/) «;, Hw, = 1/) w,, and
My, =1/) , . Fig. 1 plots the SWW bounds and sequential CR
(SCR) bounds vs. hyk at two time steps kK =1 and k = 19
[10].

The SCR bounds only exists for the twice differentiable
Gaussian density. In that case, when hyy, ! 0, the SWW
bound approaches the SCR bound which is the optimum. For
uniform distributions, the test points hy x are box constrained
by (69). Fig. 1 shows only the positive part of this allowed
interval (0, s] and the point of maximum SWW bound is close
to (s$ r)/ 4. Notice that at kK = 19, where the influence of
the prior is small, that the uniform prior / Gaussian noise case
approaches the all-Gaussian case, i.e. the influence of the prior
fades with time. The markers (4) in Fig. 1 show the optimal
test points hj  obtained numerically. Observe that the high
mode of the exponential density at Wy = Vx = Xo = 0, lowers
its bound.

For dimensions greater than one, it is more difficult to obtain
optimal matrices H , Kk " N, . The #h row of the transition
matrix | specifies its dependency on all states. Similarly, the
#th column of the H  specifies, which states are considered for
the computation of the #h-state’s SWW bound. This suggests

that the positions of non-zero elements in H  should agree
with I T.

The tightness of the SWW bound depends on two contrary
effects of H . For illustration, consider a one-dimensional state-
space models with test point hy < 1. On one hand (Effect 1),
small hy gives Bayesian Bhattacharyya coefficient & 1 and
hence Dy in (51) becomes small. The difference (44) becomes
small, which in turn leads to high J|: 1. On the other hand
(Effect 2), hEJ; Yin(26)is a quadratic form where hﬁ occurs,
i.e. it lowers the bound.

For Gaussian distributions, if hy + 0, the coefficients go faster
to 1 than h2J, * +0. This is seen by inserting approximation
(55) and (44) into (26) with hy = h! 0, )y, = )w, and
v = )v le.

2
Wk+1 = h & cz | 1 ]
4 Gl 241 258 2)
2

Jk+1

(cf. (4.43) to (4.45) in [10]). Here, the h? cancels, which is not
true for non-Gaussian distributions whose coefficients are not
approximately linear functions of h? for h ! 0. Eventually,
Effect 1 is stronger than Effect 2 and hence the bound is tight.

At h = 0+ , the derivatives of the Bayesian Bhattacharyya
coefficient for i.i.d exponential, uniform, and Gaussian distri-
butions are ordered,

(77)

h=0+ 4 4)2
<" $UB !
h=0+ ! 12)2
1k
< h$GE§]_O = $ —he B#kg =0, (78
) A h=0

where we used h = hy + hy, and only the BDs main cases that
depend on h. The smaller the derivatives, the more dominant
Effect 2 and the looser the bound (cf. Fig. 1). Thus the SWW
bound for exponential distributions is the loosest (cf. example
in Section VIII).

C. Computation of the prior
Consider a hybrid model (46) where the state X § is modeled
by
#1
(197 e+ wy
="K

(79)

with time horizon K . Function " °@ might be a source in an

acoustic field with the sum representing the evolution of the
corresponding acoustic field during K time steps [5]. The prior
v(x§,xJ) is computed by marginalizing the joint probability
density
31
V(X k0) = V(X" k) V(X141 [X1) .
="K

(80)

Fortunately, the explicit computation of the marginal v(Xg) is
not necessary in our context since we are only interested in the



o,2s£ ; . > . SCR.G/G,__|
g 0.2}
el
s 015| J
8 7 o—k=1 -+ k=19
2 o1 |
%) u/u
2
op \ ! ! ! L]
0 0.2 0.4 0.6 0.8 1
Parameter hj
Fig. 1: Impact of hy x on the SWW bound for the state  (76a) for

Gaussian prior/noise (G/G), uniform prior (U/G) / Gaussian noise,
uniform prior/noise (U/U), and exponential prior/noise (E/E). For
small hq i , the G/G SWW bounds approach the SCR bounds.
Markers 4 indicate the optimal hy x for maximum SWW.

lower bound of the mean-square error and not in the PD itself.

Therefore we assume a known PD at time $ K, i.e. it carries
over the role of the prior. The SWW bound (26) recursively
computes the WW bound until time O. Clearly, in this time
interval no measurements influence the bound, i.e.

viyiIxi)=vly,),  -#) 0. (81)

Due to the existence of a density and thegndependence of the
states, the expectations (39b) reduces to  v(y,)d!y =1 for
#= $ K, 4440. This causes $,, =1 in (51). Briefly speaking,
our approach uses a simplified version of the SWW recursion
instead of the explicit computation of the prior at time zero.

D. Partly-deterministic transition equations

An interesting problem occurs when some parts of the
transition equation (for instance (22a)) are determ'glistic,%e. no
noise is added. This results in a singular matrix E XX} . This
causes the Bayesian bounds to become singular (cf. Section
II-B). For SCR bounds, reference [18] performs regularization
by assuming additive noise with small variance. This may meet
most physical problems, so does a discretized physical field.

VIII.

In this section, the following linear state-space model
demonstrates the bounds derived for different distributions:

EXAMPLE

+ .
11 0
Xk+1 = -0 1 d)Xk+ Wk , (82a)
0 01
91 0 ;
Yk = 0 0 1 Xk + Vi . (82b)

The first state [Xk]1 depends on itself and the second [Xk]2
whereas the others depend only on themselves. Equation (82b)
measures [Xk]1 and [Xg]s.

We plot the diagonals of the SWW bound W ¢ (26) with
the arbitrary test-point matrix

+ .
< _ hoy O O
Hy= hk1 hgz hgs = -hal2 hy 00 . (83)
0 0 hop

The computation of Element [W ]ap utilizes vectors hy 5 and
hyp for a,b " { 1,2,3}. Although Fig. 2 shows only the
diagonals of W i, i.e. the bound on the mean-square error,
update (44) demands for the non-diagonal elements of W .

We discuss four settings for continuous distributions in Fig.
2: the all-Gaussian, the uniform prior / Gaussian noise, the all-
uniform, and the all-exponential case. Their covariance matrices
are Cy, = Cy, = 0.4l and C,, = 0.4l. The Gaussian
and uniform distributions have zero-mean. The means of the
exponential distributions equal their standard deviations.

The all-Gaussian case is plotted in Fig. 2a. The SCR bound
exists and is shown as reference [10]. The test point hoy =
0.01095and the SWW bound approaches the SCR bound. The
SCR bound is achieved using a Kalman filter. State # = 3
is observed and has the lowest bound. State #= 1 depends
additionally on state #= 2 and hence has a higher bound. State
#= 2 is not directly observed and thus has the highest bound.

The all-uniform case, Fig. 2b is similar to the all-Gaussian
case except that the SWW bounds of the observed states are
close together. The test point g, = 0.514is the value of the
tightest SWW bound. The all-exponential case is demonstrated
in Fig. 2¢ with hgy = 0.47. Fig. 2d shows the SWW bound for
uniform prior and Gaussian noise with h,y = 0.427. Compared
with the all-Gaussian case we only see a difference at time
k =1 (initial phase).

For the non-Gaussian densities, Figs. 2c-d show the mean-
square error of an importance-sampling-resampling particle
filter with L = 20000 particles, and 1000 realizations [10].
The order of the SWW’s tightness corresponds to the derivative
of the Bayesian Bhattacharyya coefficient (78) at the origin.

We use model (82) and test-point matrix (83) again for
discretized Gaussian and discretized uniform densities. We seek
for settings leading to the same SWW bounds for discretized
and continuous distributions.

Since Gaussian densities have infinite support, using their
discretized versions with quantization step size ! x = 0.00219
and hgpt =5 give the same SWWs as the continuous cases
(see Fig. 2).

The width (65) of the continuous uniform density computes
to"x, =2.19# 1. Let the discrete uniform density have a width
of the support "gk =20 # 1. Then with (70), the quantization
step size is ! x = 0.1152 and the covariance matrix of the
discrete uniform distributions are Cy, = Cy, = ¥12(({,%$ 1)l
and Cy, = ¥Y12(($:> $ 1)I. Now the SWWbound for the,
discrete (quantized) uniform distribution Unif  $"%,/2,"x,/2
equals that of the continuous case.

The next example demonstrates a hybrid model with discrete
[Xk]2. Therefore, (82a) becomes

+ ..+ A
X1 k+1 1 1 0 Xjy W1«

"Xy 0=-0 1 P-x§,0+-wj, 0, (84a)
(o4 C C

X3 k+1 0 0 1 x5y W3«
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Fig. 2: The SWW lower bounds for the ¢th element of @y [cf. (82)] for (a)
continuous/discretized Gaussian prior/noise, (b)
continuous/discretized uniform prior/noise, (c) continuous
exponential prior/noise, and (d) continuous uniform prior /
Gaussian noise. Additionally, in (a) the SCR bound and in (b)-(d)
the mean-square error of a particle filter are shown. Time k = 0
shows the prior error variance.

with
d 9% i d d ‘Vi d 84b
Wak 70 C&iwﬁ,k (W2,k) v X320 OC&&E?%%O(XZ,O) . (84b)

Constants ¢%and c%®%re normalizing factors. Equations (84a)
and (82b) form a hybrid model similar to (46). The quantization
interval equals the test point hopr =! y = 0.01905 and the
continuous distributions are Gaussian as the first example. The
bound for Xg'k equals the bound for X2k in (82b) and is shown
in Fig. 2a (cf. Proposition 7).

We discuss and analyze a different example of a hybrid
model with Gaussian and discretized uniform distributions in
[35].

IX. CONCLUSIONS

The family of Weiss-Weinstein bounds enables the use of
hybrid discrete and continuous state-vectors. The use of the
Bayesian Bhattacharyya coefficient gives a general recursion
for the sequential bound. We provide analytic solutions for
Gaussian, uniform, and exponential distributions and their
discrete approximations stemming from discretized states.

The SWW bound depends on the test-point matrix Hy. An
optimal Hy gives the tightest bound. The finite support of
uniform densities causes box constrains on H. For Gaussian
distribution, the optimal Hyx ! 0O in which it can in certain
cases give the sequential Cramér-Rao bound.

The optimal Hy for uniform distributions lies near the
middle of the box constraint’s interval. The tightness of the
bound depends on the derivative of the Bayesian Bhattacharyya
distribution in the origin.

The shape of the transition matrix describes the dependency
between states. Thus, it influences the optimum choice of

Hy that describes the influence of noise on these states. The
SWW bounds for continuous and discretized states are equal
for specific choices of the bound’s test-point matrix Hy.The
derivations concerning discretized states are applicable for
discretized measurements as well.

Further results are related to practical issues. For linear
state-space models with analytic solutions the computational
effort increases linear with time. Additionally, if the noise
statistics are time-invariant, then the effort is constant. If the
prior density stems from a recursion, it is possible to compute
the SWW bound without explicit prior.

APPENDIX A
GAUSSIAN DENSITIES

The following Lemmas are independent of the discrete or
continuous nature of the densities. The densities are either
Gaussian densities or discretized Gaussian densities p(Wﬂ) =
C%fwk (Wﬂ) or p(vﬂ) = c%ka (VE). The factor c**normalizes
the PMF.

We use the weighted inner-product .X71,X2/ cit <
x]1C, xa.
Lemma 14 (Gaussian innovation noise). For a Gaussian
innovation noise, the solution aB9a) is

Exet = 30 (Nke1,2a$ ! Nica + hier p$ ! hip)

which is independent of (cf. Lemma 3).

(85)

Proof: Let us insert the Gaussian density into (39a), i.e.

C - T Xksr Fhisr 2" ! (Xk+hia )(2: 1
e Wk
Exia [Xk T " L xe 20,
e C wy H
N %'Xk+1 "hieer " ! (XK" hk.b)'é" .
#e Wi (86)
This simplifies to
|
Sl " l " '
& e 2" Xpe " ! Xk Cwy
oo
"4k et hka T or 1" YA D bt hip "o
k k
" Yok " ! Xkohksr 2" ! hka " hksr p*! hyp, v 1
#e CWkd!)(kﬂ
(87)
where
Lo "y .
e . (2)Nz2det(Cy) ',  continuous, 55)

(2') N 2det(C,,) "% discretized.
We substitute

2

2 E X $ 1 Xk A
Wi

Cu!
+ Xks1 $! X, hs1 a8 ! ha $ hygag p + ! hk,b/c;Vkl

1' 2

+ Z hk+l,a$ ! hk,a $ hk+l,b+ | hk,b C;\,kl
and utilize

$ vyprr2,

& e Swidly =1 (89)



to obtain the final result. [ |

Lemma 15 (Gaussian prior). For a Gaussian prior, the solution
of (39a) is
E1 = $5 (hoa + hop) - (90)

Proof: The results follows from Lemma 14 where
V(XolX" 1) = VXO(XO) and h« 1a 7t h 1bh = 0. | ]

Lemma 16 (Gaussian measurement noise). For a Gaussian
measurement noise the solution @Pb) is

$(/3k+1
which is independently ofy., (cf. Corollary 4).

Ef = (Chis1,a + Chisa p) oD

Proof: Let us insert the Gaussian density into (39b), i.e.

C - 4ll Vi1 " C(Xk+1 +hys ,a)l (2: 1
E e Vk +1
Vi IXica ! %ka+1 " Cx k+1'c"1
e Vk +1
w 1 " " 1 2 H
7 Yier " C(Xkwr " hwr p) v
# e W 92)
This simplifies to
|
T o0 oy " CXm ' w1 "U4aChya' 1 " Y4 Chip’
C§ e K ! CVkl+1 ? Cvin
" coy
"Y2,y41 " CXks1 ,Chya " Ch k’b/(:'\'/l |
#e cadly, . (93)
where
C(Z. ) N/ 2 t$C %1, ti
e continuous
& — Vi +1 ' '
&= % (94)

M (1]
() N2det'C,.,, ‘% discretized.

We substitute

= |yk+1 $ CXk+1|z;‘/1

k+1

2.,
Cy
) K
$ Vi $ CXk41,Chis1,a$ Chysr p o1

Vk+1

1
+ Z' Chyi1a$ Chysr p' é;klﬂ

and utilize
1

$ rurvl.,
c& e e dl =1 (95)
"$
to obtain the final result. [ |
APPENDIX B

UNIFORM DENSITIES

The following Lemmas are independent of the discrete or
continuous nature of the densities. The densities are either
continuous or discrete uniform densities.

Lemma 17 (Uniform innovation noise). For an independent
uniform densitw(wy), the solution of(39a) is

Exsr = S, (Nks1.2 $ ! hia,hisr b $ ! hip)

which is independent of.

(96)

Proof: Let us insert the uniform density into (39a), i.e.

TV, (X1 * Disr a1 (i + hia)) 2
Vi, (Xk+1 $ ! Xk)

# Vi, (Xis1 $ Nie1 p$ 1 (X $ hyep)) 72

Due t(l) the existence of a density, we have

=S
Vi, (Xks1 + N1 2 $ 1 (Xk + hya)) 2

E

Xk+1 [Xk

8
o7)

r
# Vi, (Xke1 $ st p$ 1 (X $ hiep)) 72! s
! sk N 1

Xk+1 * s 2" ! (Xk+hia )! [1k,Sk]
["Wk]!
# L ™ hia b" ! (Xk" hkp)! [fk,Sk]d! Xk (98)

and get (99) for all hit1 a1 $[! hial and hiea oy $[1 hip],
so that the terms are in [0, 1]. ]

'k 121

Lemma 18 (Uniform prior). For an independent uniform
densityv(wy), the solution of(39a) is

E1 = $,, (hoa,hop) -

Proof: The results follows from Lemma 17 where
V(Xo|X" 1) = Vx,(Xo) and h« 15 = h« 1, =0. [ |

(100)

tgmma 19 (Uniform measurement noise). For an independent
uniform density/(v), the solution of(39b) is

Eia = %, (Chis a, Chier )
which is independent ofy; .

(101)

Proof: We insert the uniform density into (39b) , i.e.

"V, (Visr 8 C(Xkor + hian a)) 2
Wy, Vi1 $ CXike1)

8
#Vy, (Vior $ C(Xks1 $ hisr p))”?2

Due to the existence of a density, we have
|
S

VVk+1 (yk+l $ C(Xk+l + hk+l ,a))ll2
r

# Wia (yk+1 $ C(Xk+1 $ hk+1 ,b))llzd! Yo
! ska N 1

(102)

Eyk+1 [Xk+1

Yisr " C(Xk+hgar a)! [rk+1 ,Sk+a ]
["Vk]!
# ]lyk+1 " C(Xk+1 " hgs1 p)! [Fk+1 ,Ska ]d! Vi (103)

and get (104) for all [Chg41 4]t and [Ch41 p]i so that the
terms are in [0, 1].

lNk+1 1=1

APPENDIX C
EXPONENTIAL DENSITIES

We assume both exponential densities and discretized
exponential densities p(w{) = ZFfu, (W) and p(v{) =
- fu, (V). The factor c#¥= c§% 4@ normalizes the PMF.
Lemma 20 (Innovation noise). Given a multivariate indepen-
dent exponential density(wy), the solution of(39a) is

Exet = 85 (Nke1.2$ ! hia hisr p$ ! hip)  (105)
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|hk+1 ot " [! hka J‘!N'*’k’!hk+1 b "I hep 1l , hk+1 a $ [I hk,a]! ( 0,
he+1 0 $ [! ol ( O,
lhksr ar " [! hka J!W:!hku bt "I hio I . hss a $ [! hk,a]! ) 0,
he+1 by $ ! hipl ) O,
Moot " [ Ma hi1 a0 $ [ hali > 0,
Wi,!
he+1 by $ [! hypl <0,
heirar $ [ hial > $hiss pr +[! hiplr
hicvr by " [ Wi T . | i
"ka! 3 hk+1 ,a,! $ [ hk,a]. > 01 (99)
hg+1 00 $ [! hipl < 0,
hiet ) $ [ hiall )$ hkea oy +[! hipl s
et 'a'!"wkf! Real he+1,a0 $ [ hxali <O,
he+1 by $ [! hypl > 0,
hier a0 [ hall < $hier oy +[! hipl
hi+1 b "I hgp 1 , st a $ [! hk,a]! <0,
Wi,!
he+1 by $ [! hipl > 0,
hiet a0 $ [ hiall ($ hiea oy +[! hipl
which is independent ofy. (39b) is
Proof: Let us insert the density into (39a) and substitute Efﬂ,l = $Ek (Chk+1 a,Chys1 ) (112)

W = Xk + ! hk,b , l.e.
|

Vw, (Xk+1 + Mz a $ 1 (Xk + hya)) 2

Xk +1 'Vwk(xk+1 " Xk)>0

# Vi, (Xke1 $ Nier 58 1 (X $ hiep)) 2! &,
N |

= Cﬁe%(wl +hay " hyy)

1=1 v(w;)>0
# ]]'W!+ha,! '[0,$ )]]‘W!" hpy ! [0,$ )d' w) (106)
where
C
% v(w,) cont.
& — ] ! )
&= 107
: %c%  v(w) discr. , (107
normalizes the densities.
We further get (108) at Page 14.
For discrete wy, we define hy =! h?, h? " 7Z. Thus,
.I $ ﬁ |
§hmgr,, = et
" weny
ghr x (1" h)
= then%l X>O- (109)

We further get (110) at Page 14. Observe that for all #

&

51 (111)

discrete = continuous .

Lemma 21 (Measurement noise). Given a multivariate inde-

pendent exponential measurement naiéey), the solution of

which is independent of. .

Proof: The proof is similar to that of Lemma 20 except

hk+1

Chys+1,a, ! hgp by Chysr p and Wi by Vicar .

(1]

(2]

(6]

a = hgs1p = 0 and the substitution of ! hy, by
]
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